0OCP6050 Physical Aspects of Oceanography Summer 2003

Reading Assignment: Index Notation

As it is not core to the subject of Physical Oceanography, the present topic is left as a reading

assignment. If you have any questions, please see the instructor during the office hours.

The index notation is a convenient method to represent complex relations involving vectors and
tensors. The indices i,j and k will be commonly used to represent components of a vector or a
tensor. In the case of three-dimensional vectors or tensors, these indices take on values 1, 2 and
3. The indices, for the present purpose, will be denoted as subscripts. To be precise and consis-
tent, one has to use the index as superscript, in the case of so-called contravariant tensors and
as subscript, in the case of so-called covariant tensors. We need not worry about these subtlities
for the purpose of this subject — in fact, this topic is somewhat of a digression — but it is worth
reading a standard text on the subject such as the one Tensor Calculus and Differential Geometry
by Sokolnikov. In fact, you will find that a summer self-reading of the above text to be, most likely,

the most productive and memorable summer of your lifetime!

One of the basic rules in the index notation, is the Einsteins summation convention, per which a

-
repeated index represents summation. For example, a vector A can be written as

A= Az

where A; represents the componentof the vector in the direction i and é; the unit (base) vector

along the direction 7. As the index i is repeated, the above equation represents
Aqéq + Agéy + Asés
or with respect to a Cartesian oxyz coordinates, in the conventional form,
Agi + Ayg + Ak

Obviously writing A as A;€é; is more compact than the latter traditional representations.

In the index notation, including the Einstein’s summation convention, addition of vectors can

be written as

g—f—é: (Ak—f—Bk)ék
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The dot (inner/scalar) product of two vectors can be written as
A-B = Aié-Bje
= A;Bjé; ¢
As the dot product of base vectors é; and é; is equal to 1 for i=j and equal to 0 for inegj, we can

introduce the following symbol, known as the Kronecker delta for the definition of the dot product.

The Kronecker delta d;; is defined as follows:

§j = 1fori=j
= Ofori¢#j

Therefore, the dot product of the unit vectors é; and €; is equal to d;;! The relation for dot (scalar)

product of the two vectors A and B given above can be written as
A-B = A;Bjé-¢
= AiBj(Sij
= A;B; (ignoring zero terms when i # j).

Thus in the index notation, A-Bis simply A;B;. As index 7 is repeated, this actually represent

A1B1 + A3 By + A3B3 or in terms of oxyz coordinates, A, B, + AyBy + A.B..

The cross product of two vectors is represented using the permutation symbol ¢;;, which is

defined as follows:

€5 = +1, for even permutation of i,j and k; ie, for ijk = 123, 231, and 312.
= —1, for odd permutation of i,j and k; ie, for ijk = 132, 231, and 321.

= 0, if indices are repeated; ie, for ijk = 112, 221, 313, 223, 111, 222, 233, 311 etc
The cross product of two vectors is written in the index notation as
/T X E = GijkAiBjék

which a very compact representation for a cross product. Expanding above, as indices i, j, k are
repeated and ignoring zero terms (by the definition of €;;;), we can show that the right-hand side

of the above is equal to
eleAzB]ék = él(Ang - Ang) + é2(A3B1 — AlBg) + ég(AlBQ - A2B1)
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and in terms of rectilinear oryz coordinates above is equal to
ejuAiBjé, = i(AyB, — A,By) + 7(A,By — A,B,) + k(A, B, — A, B,)

which is the traditional, but lengthy, form of representing of A x B.

Differential vector operations such as gradient, divergence and curl of a vector (or a tensor) can
also be conveniently represented using the index notation. For illustration, we limit our discussion
corresponding to only rectangular oxyz coordinates. In the index notation, the gradient operator
is represented as 5

V=—2¢&,
Bzvje]

As the index j is repeated, above expands to the familiar expression

0. 0. 0

for the gradient operator defined in ozyz coordinates.

The divergence of a vector can be written as

v.[fz%
ox;

As the index j is repeated (meaning summation) and as (x1,x2,x3) correspond to xyz, the above

index representation does correspond to the familiar expression for the divergence of a vector.

0A, n 04, n 0A,
Jx oy 0z

In the index notation, the curl of a vector can be denoted compactly as

94 ,
(9.731' k

VXA:Q'jk

Observing summation for repeated indices and definition of ¢, we can easily show that above

corresponds to
0A, 04,y

oy o) T

0A, O0A, - 0A, 0A;
](82 B 8x)+k(8x B By)

~

i

A
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The power and use of the index notation will become more apparent as we consider more involved
and complex expressions and operations involving vectors and tensors. For example, the relation

between stress vector 7 and stress tensor & is given by

~

T=06-n
In the index notation, it is written as
T = O'ijnjéi
where n; denotes the j-th component of the normal vector and é; the unit vector along the direction i.

With respect to rectangular oxyz coordinates, the above compact index representation corresponds

to the lengthy expression

~

1(OpaNa + OnyNy + 0221z) + J(Oyane + Oyyny + 0yonz) + k(020N + 02yny + 0221)

Recall, in the derivation of the equation of motion we have used a vector identity (without proof)
V- (pi)i = (pii - V)i + @V - (pii)
The proof is straightforward with the use of index notation:

—\ = a ~
V- (pid)id = a—mi(puj)ukekéij
Note the Kronecker delta d;; is because of the dot product operation in V- (p@)u. Expanding above

using product rule of differentiation

0 R 0 ad .
%(puj)ukekéij = {Uka—xi(puj)(sz’j + puj<5z'j8—ink} ék
0 0 .
= {uk%(puz) + pu; ax-“’“} e

= {urV - (p@) + (pt- V)ur} éx
= a4V - (pu) + (pi- V)i

.... proof!

We also claimed that V - & for an incompressible Newtonian fluid (with & given by

du;  Ou;
ij = —P0ij — ]
Tij p 7+u(6:1:j+6x1-)
where p is viscosity coefficient) yields
—Vp+ uV3i

20



The proof is as follows:

. o

V-o = %jm]eZ
0 (9UZ 8uj n

— _@é._F &é._;_ o %é.

N 8.7,'1 ! u@xjaa:j ! uaxi Ba:j ¢

ap .. 0%u;

- _8—%61' + u&c]@xj

Ou;
833]'

~

é; (because

= V- @ = 0 for incompressible fluid)
2

: : Ou;
= —Vp+uV3i (because by summation convention, ﬁei represents the V2operator)
TjOL;

... proof!

The index notation is thus a powerful tool or method to not only represent complex relations
and operations involving vectors or tensors but also for analysis and derivations. The notation
is commonly used in many branches of mechanics, and in ocean engineering, in subjects such as
added-mass theory. As said at the beginning, the text Tensor Calculus and Differential Geometry

by Sokolnikov is a good reference and a useful subject.
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