0OCP6050 Physical Aspects of Oceanography Summer 2003

Lecture #5

We showed in the previous lecture that the exact equations, namely the incompressible Navier-
Stokes equations, governing oceanographic flows and defined with respect to a earth-surface fixed

rotating coordinate system oxyz, are given by
V -4 = 0 (equation of continuity of incompressible fluid) (1)
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In oceanographic applications, one will find various approximations, conventions and terminology

are introduced to the equations. These are discussed below.

[1-5. Treatment of Centrifugal Acceleration

Fig 5.1 Centrifugal and Graviational accelerations.

Decomposing the postion vector R as
E = EU + Rla
where ﬁl denotes the component parallel, and ﬁo the component perpendicular to the axis of

rotation and substituting in the expression for centrifugal acceleration
—Q x [Q x (R + Ry)]
one can show that the latter reduces to
—0 % [Q x Ry]
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Note the magnitude of angular velocity of the earth Q is 27/day ~ 7 x 107° [rad/s] and the ra-
dius of the earth is & 6400 [Km]. The order of magnitude of the centrifugal acceleration Q?R,
is therefore O(10? [m/s?]), which is almost three orders of magnitude smaller than the accelera-
tion of gravity which O(10 [m/s?]). Figure 5.1 shows the directions of action of centrifugal and
gravitational acceleration and also of their resultant. The direction of action of the resultant is
called plumb line for a plumb line (or a stationary pendulum) will be directed along this line by
the action of gravity and centrifugal accelerations. In oceanography, the centrifugal acceleration
term is “absorbed” into the gravity term as the magnitude of the former is much smaller than
that of the latter. Precisely, the centrifugal acceleration is taken as a correction to the gravitational
acceleration ONLY in magnitude, but NOT in the direction. In other words the magnitude of the cor-

rected g is that of the resultant of ¢ and Q%R, while the direction is towards the center of the earth.

11-6. Convention for Farth-Fixed Coordinates and Components of Coriolis Acceleration

latitudeeNn/-._

Equatori al Pl ane
| ongi t ude

Fig 5.2 Earth-fixed coordinate system oxyz

As shown in Figure 5.2, the z-axis of the earth fixed coordinate system is taken to be radially out-
ward (ie. locally upward), the x-axis toward the east and the y-axis toward the geometric north.
The latitude 6, which is measured from the equator, is positive in the northern hemisphere and
negative in the hemispere (to make it further clear (!), # = 0 deg on the equator, +90 deg at the
north pole and -90 deg at the south pole).

The components of the angular velocity vector Q with respect to earth-fixed oxyz coordinate system
are

QzO%+Qcos€}'+Qsin6fc
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The components of the Coriolis acceleration —20) x @ are therefore

—2Q x @ = {2Qu sinf — 2Qw cosf}i — 2Qu sinf j + 2w cosh k

The quantity 2 Q sinf, which is positive in the northern hemisphere and negative in the southern
hemisphere (as sin is an odd function) plays an important role in oceanographic flows. The quantity
is referred to as the Coriolis parameter and denoted as f:

Coriolis Parameter, f = 2(2 sinfl

In some papers and texts, the other component 22 cosf is denoted as f,, but its role is not as
significant.

fy = 262 cost)

As discussed earlier, one uses a rectangular coordinate system for the formulation of oceanographic
flows as the resulting equations are a lot simpler than the ones obtained in a spherical polar coor-
dinate system, even though the latter is the obvious choice for studying very large flows spanning
almost the entire planet. Even with the use of local rectangular coordinate system (Figure 5.2),
the governing equations still pose a challenge as the Coriolis parameter f as well as f, will be
different for different fluid particles as it depends on 6. In Oceanography, as an approximation, the
Coriolis parameter f is assumed to be constant over the entire horizontal xy plane that spans a

particular flow. This approximation is known as the f — plane approximation. As it turns out for

most oceanographic flows, the f-plane approximation is reasonable for flows with horizontal length
scale of O(100 [km]). In such flows, the Coriolis parameter f for entire region is assumed to be con-

stant, which in value corresponds to that at the origin of oxyz taken somewhere preferably at middle.

The f-plane approximation is not justifiable for flows that span a horizontal distance of O(1000 [km)]).
Even for the analysis of such large horizontal-length scale flows, one finds the use of rectangular
coordinate system but allowing some degree of variation of f over the region. Specifically, it what is

referred to as the § — plane approximation, the Coriolis parameter is Taylor-series expanded along

the y-direction about the the origin, and local f determined using the first two terms. In other

words,
_ of *f
f - fo+[8_y]o y+[a—y2]o+----
15}
~ fo+[8—£]o y=fort By,
where
1o}
6= [3—£]o
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Please refer to the text for more on these and other standard conventions and approximations used
in the treatment of oceanographic flows. Below, we summarize the governing equation, in com-

ponent form, which will be frequently referred later while analyzing various oceanographic currents.

Oceanographic Flow Equations in Earth-Fixed Coordinates oxyz

Equation of Continuity
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x-component of the momentum equation

ou ou ou ou,  Jp 2

y-component of the momentum equation
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z-component of the momentum equation
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where

f = 29 sinf, the Coriolis parameter

fy = 28 cosf, and

# the angle of latitute measured from equator, positively on the northern hemisphere and negatively

in the southern hemisphere.
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